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Abstract 

We study the occurrence of global gauge anomalies in the coset models of two-dimensional conformal 
field theory that are based on gauged WZW models. A complete classification of the non-anomalous 
' theories for a wide family of gauged rigid adjoint or twisted-adjoint symmetries of WZW models is 

achieved with the help of Dynkin's classification of Lie subalgebras of simple Lie algebras. 

1 Introduction 

Bosonic sigma models with the metric action functional possess rigid symmetries induced by isome- 
trics of their target space. Such rigid symmetries may be gauged by the minimal coupling to the 
gauge fields of the isometry group. The gauged action is then invariant under arbitrary local gauge 
If^ I transformations. The minimal coupling does not work, however, for the topological Wess-Zumino 

04 ■ term in the action functional of the sigma model, if such is present. In particular, it was shown 

in [16', TBJ for the two-dimensional sigma model with the Wess-Zumino term corresponding to a 

■ closed 3-form H on the target space that the gauging of rigid symmetries requires satisfying certain 
CO ' conditions. Such conditions assure the absence of local gauge anomalies and guarantee the existence 

of a gauging procedure that results in an action functional invariant under infinitesimal local gauge 
transformations. The infinitesimal gauge invariance of the gauged action implies its invariance under 

■ all "small" local gauge transformations, i.e. the ones that are homotopic to unity. As was observed 
I in [11], it is possible, however, that the gauged action exhibits global gauge anomalies that lead 
. to its non-invariance under some "large" local gauge transformations non-homotopic to unity. The 

phenomenon was analyzed in detail for sigma models on closed worldsheets in |11| and on world- 
sheets with boundaries and defects in [T5|. In the case of Wess-Zumino- Witten (WZW) models of 
conformal field theory with Lie group G = G/Z as the target, where G is the universal covering 
group of G and Z is a subgroup of the center Z of G, with the Wess-Zumino term corresponding 
to the bi-invariant closed 3-form Hk — j^tT{g^^dg)^, the local gauge anomalies are absent for a 
restricted class of rigid symmetries. These include the symmetries induced by the adjoint action 
g I— > hgh~^ on G for ft, e G/Z, or by its twisted versions g hguj{h)^^, for h G G/Z'^, where u> is 
an automorphism of G and Z'^ — {z Z \ zuj{z)~^ € Z} is the subgroup of elements in Z that acts 
trivially. In these cases, the global gauge anomalies may occur for the target groups G that are not 
simply connected (corresponding to the so called non-diagonal WZW models). They are detected 
by a cohomology class ip G fP'iGjZ'^ x G, ?/(l)) that can be easily computed. Class ip is invariant 
under the action of 7 G GjZ^ on G/ Z'^ x G given by 

(ft, 5) ^ (7/17"', 75^(7)"')- (1-1) 



> 
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The simplest case when the anomaly class is nontrivial corresponds to G = SU{3)/'Zs at level 
fc = 1 or to G = SU{4)l'li at level k = 2, both with uj = Id. Some other cases with global gauge 
anomalies for lo — Id were cited in [llj. In Sec. [3] of the present paper, we obtain the full list of 
connected compact simple target groups G for which the WZW model with the gauged (twisted) 
adjoint action of G/Z" exhibits global gauge anomalies. In the twisted case, we consider only outer 
automorphisms lo since for inner automorphisms the twisted adjoint action may be reduced to the 
untwisted one by conjugating it with a right translation on G which is a rigid symmetry of the 
WZW theory. The classes of outer automorphisms of G modulo inner automorphisms are generated 
by automorphisms of the Lie algebra g that preserve the set of simple roots inducing a symmetry 
of the Dynkin diagram of q. Global gauge anomalies occur only for (non-simply connected) groups 
G with Lie algebras q — A^.^ Dr, eg in the Cartan classification of simple Lie algebra^. 

Gauged WZW models serve to construct coset G/H models [131 US] of the two-dimensional 
conformal field theory [I] [51 [SI [T7|. In such models, one restricts the gauging to the (possibly 
twisted) adjoint action on the target group of the subgroup F — II/{Z'^ D H) C G/Z'^, where 
H a closed connected subgroup of G (simply-connected or not). Global gauge anomalies are now 
detected by the pullback cohomology class in i/^(r x G, U{1)). Secs.[3]and[S]are devoted to finding 
out when the latter is nontrivial for groups G as before and for a wide class of subgroups H C G (the 
nontriviality of the pullback class depends only on the subgroup H modulo conjugation by elements 
of G and it may occur only if the original anomaly class ip is nontrivial, hence for Lie algebras g 
enumerated above). Closed connected subgroups H <Z G are in one-to-one correspondence to Lie 
subalgebras f) C g. We obtain the complete list of cases with global gauge anomalies for subgroups 
H with the Lie algebra \) which is a semisimple regular subalgebra of g (i.e. such that the roots of [) 
form a subset of roots of q). The complete classification (modulo conjugation) of regular subalgebras 
of simple Lie algebras was obtained in the classical work [2J of Dynkin. The complete classification 
of all semisimple subalgebras of simple Lie algebras is not known explicitly, except for low ranks and 
may be complicated. We give the complete list of non-regular semisimple subalgebras [} of g = eg 
corresponding to subgroups H C G that lead to global gauge anomalies. For g = Ar and g = Dr, 
we limit ourselves to few examples of anomalous subgroups H d G for which [) is a non-regular 
semisimple subalgebra of g. 

As discussed in [TT] for the untwisted case, the presence of global gauge anomalies of the type 
studied here renders the G/H coset models inconsistent on the quantum level (barring accidental 
degeneracies of the affine characters). Hence the importance of the classification of the anomalous 
cases. 



2 No-anomaly condition 

The WZ contribution to the action of the WZW model corresponding to the closed 3-form Hk 
on a connected compact simple Lie group G = G/Z with Z d Z may be defined (modulo 2tt) 
whenever the periods of Hk (i.e. its integrals over closed 3-cycles) belong to 27rZ. For the standard 
normalization of the invariant negative-definite quadratic form tr on the Lie algebra g in which long 
roots (viewed as elements of itg, where tg is the Cartan subalgebra of g) have length squared 2, this 
happens for levels k £ Kg C Z. If G = G then Kg — Z whereas Kq may be a proper subset of Z 
if G = G/Z with Z nontrivial (i.e. ^ {!})• Sets Kq of admissible levels are explicitly known [71 [9]. 
Besides, for G = SO{2r) /'L2 with r even (where Kg — Z when 4|r and Kq — 2Z if 4fr), there are 
two different consistent choices of the WZ term of the action. The details of the construction of 
the WZ contribution exp [^^^^(g)] to the Feynman amplitude of the sigma- model field g : E — )■ G 
defined on a closed oriented worldsheet E, discussed e.g. in |H[B], will not interest us here beyond 
the fact that the result is invariant under the composition of fields g with the left or right action 
of (fixed) elements of group G. The action functional with the (twisted) adjoint symmetry of the 
WZW model gauged is a functional of field g and of gauge-field A, a g-valued 1-form on S. It has 
the form 

S^^{g, A) = Sng) + ^ / {{g-'dg)u^{A) + {dg)g-'A + g-'Agu^{A)) (2.1) 



^We consider the compact real forms g of complex simple Lie algebras that are in one-to-one correspondence with 
their complexifications g"'. 
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(for the untwisted case, u! = Id). The local gauge transformations /i : S — > G/Z'^ act on the sigma 
model and gauge fields by 

''g = hguj{h)-^ , ''A = hAh-^ + hdh'^ . (2.2) 

Note that Z'^ — Z iar uj ^ Id. It is easy to show that the invariance of the gauged Feynman 
amplitudes under such transformations: 

exp [iS^^C^g, 'A)] = exp [iS^ig, A)] (2.3) 

is equivalent to the identity 

exp [^S^^{'^g)] 



exp [iS^^ig) + ^ J^tr {g-^dgLo{h-^dh) + {dg)g-^h-^dh + g-^{h-^dh)guj{h-^dh))] 



= 1, (2.4) 



see Appendix 13 The ratio on the left hand side belongs always to C/(l). It coincides with the 
evaluation of the anomaly class (p £ H'^iG /Z^ x G, U{1)) on the 2-cocycle that is the image of the 
fundamental class of E under the map {h,g) : S — )■ GjZ'^ x G. 

A simple analysis [IT] of the structure of cohomology group H'^{G/Z'^ x G, U{1)) based on the 
Kiinneth Theorem shows that class Lp is trivial if and only if identity (|2.4p holds for S = S*^ x 5^ 
and 

/i(e''^i,e'''^) =e'''i*, g{e'''\e'''^) = e'''^^ (2.5) 
where M , M G itg and are such that, in terms of the exponential map with values in G, 

S = e^'^^^-f e Z"" and z = e^™^^ G Z . (2.6) 

Both M and M have to belong to the coweight lattice (g) C itg dual to the weight lattice of g 
and composed of M G itg s.t. exp[2i7rM] G Z. For (ft., 5) given by Eqs. (j2.5p . the left hand side of 
Eq. (|2.4p is easily computable giving rise to the identity 



exp [- 2i7rfctr(Afw(Af))] = 1 (2.7) 



which holds for all M^M G P^(g) as above if and only if there are no global gauge anomalies for 
the WZW model with gauged (twisted) adjoint action of GjZ^ on the target group G. In Eq. (j2.7p . 

^2 9 (z,z') ^ c,,,. G C/(l) (2.8) 

is a ^-dependent bihomomorphism in HomiZ® Z, U (1)) whose explicit form may be extracted from 
Appendix 2 of [7]. For cychc Z = Zp generated by zq = e^'""^ for d G -P^(0), 

Czj",25 = exp[-i7rfcTOntr(6'2)]. (2.9) 

For the only case with non-cyclic Z, we shall explicit Cz,z' in Sec. 13. 4. 41 In the untwisted case with 
w — Id, condition (|2.7p reduces to the requirement that 

exp [ - 2i7rfc tr(MAf)] = 1 . (2.10) 

If we gauge only the adjoint action of H /{Z'^ n H) then there are no global gauge anomalies if and 
only if identity (|2.7p holds under the additional restriction that, as an element of G, exp[2i7rAf] G H. 

It is enough to check the above conditions for M , M in different classes modulo the coroot 
lattice Q^(fl) (composed of M G itg s.t. exp[2i7rM] = 1 in G) since tr MM G Z if M G P'^ {q) and 
M G Q^(0) or vice versa. In particular, \i Z = {!}, i.e. if G is simply connected, then conditions 
(|2.7p and (|2.10p are always satisfied so that there are no global gauge anomalies in that case. In the 
sequel, we shall describe for each Lie algebra g the center Z of the corresponding simply connected 
group G in terms of coweights of g. Then choosing a Lie subalgebra f) C g, we shall restrict elements 
M by requiring that e^'^^^^ G H. Note that e^'"^^ G -ff if and only if e^'''^^ G gHg^'^ for 5 G G 
and e^"^*^ G Z. Hence the no-anomaly conditions coincide for conjugate subgroups H C G. Thus 
it is enough to consider one Lie subalgebra f) C g in each class of subalgebras related by inner 
automorphisms of g. We may also require that the Cartan subalgebra t(, of () be contained in the 
Cartan subalgebra tg of g. Then e^'''*^ G -ff if and only if there is G (9^(g) such that M + q^ G itj,. 
This is the condition that we shall impose on M. 
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The no-anomaly conditions for Lie subalgebras f) C related by outer automorphisms uj' of g 
are also related. Indeed, it is easy to see that the expression on the right hand side of Eq. (|2.4p for 
gauge transformation h and fields g coincides with the similar expression for gauge transformation 
uj'ih) and field (jj'{g) if in the latter case subgroup Z G Z is, replaced by ijj'{Z) and the twist w by 
ijj'ujLij'~^ . The only exception is the case of G = SO{2r) /'L2 for even r and odd k where one may 
also have to interchange the two different consistent choices of the theory, see Sec. 13.4.41 

Summarizing: the necessary and sufficient condition for the absence of global gauge anomalies 
requires that Eq. (g^l) holds for all M, M G P"^ {q) such that 

i EE e^"^^^ eZ'^nH and z ee e^''^*^ e Z . (2.11) 

In the untwisted case, this reduces to the conditiorH 

ktT{MM)eZ for aU M,MeP''{g) s.t. SeH, zeZ. (2.12) 

The no-anomaly conditions for subgroups H C G corresponding to Lie subalgebras f) C g related 
by inner (outer) automorphisms of g coincide (are simply related). 



3 Cases with ^ = g 

As the first step, we shall consider the cases with f) = g for all simple algebras g according to the 
Cartan classification, and for arbitrary nontrivial subgroups Z d Z. If there are no global gauge 
anomalies in that case, then the anomalies are absent also for other [} C g. In other words, upon 
restricting () to a smaller subalgebra, the anomalies may only disappear. In this way, a lot of trivial 
cases can be already treated without specifying the subalgebra [). We shall then consider in the next 
section the classification of subalgebras () C g up to conjugation only for the remaining cases: those 
with possible anomalies. 



3.1 Case Ar = su{r + 1), r > 1 

Lie algebra g — Ar, corresponding to group G = SU{r -1-1), is composed of traceless anti-hermitian 
matrices of size r -I- 1. Its Cartan subalgebra tg may be taken as the subalgebra of diagonal traceless 
matrices with imaginary entries. We define G itg, i = 1, . . . , r + 1, as a diagonal matrix with 
the j's diagonal entry equal to Sij, so that tr(eiej) — 6ij. Roots (viewed as elements of itg) and 
coroots of su(r -I- 1) have then the form — Cj for i j and the standard choice of simple roots 
is ai — ei — Ci+i, i ~ 1 . . .r. The center Z = Z^+i may be generated by 2 = e^*'^^ with = = 
(l/(r -I- l))X]i=i ~ ^r+i where denotes the i-th simple coweight satisfying tr(A^aj) — Sij. 
Subgroups Z of Z are of the form Z = Zp with p\{r + 1), and may be generated by z'^ = e^*'^'^^ for 
r + 1 = pq. The admissible levels for the WZW model based on group G = GfZp are: 

/c G 2Z if p even and q odd, ^\ 
A; G Z otherwise, ^ ' ' 

see [71 E]- If we now represent M and M in the Euclidian space spanned by vectors e^, 

, , „ ^ 0, a ar\ „ , ^ 

M ^aqe^ {-,...,-, , aGZ, (3.2) 

VP P P J 

M = ae=(^,...,^,-^), aGZ, (3.3) 
\r-fl r + 1 r +1 J 

the condition for M in (PH]) is satisfied and e^'^''^' G Z. 



3.1.1 Untwisted case 

li uj — Id, the global gauge invariance for () = g is assured if 

~ TO ft 

k tr(MM) = k G Z. (3.4) 

P 

^In the conformal filed theory terminology 1201 . condition 112.121 1 means that the monodromy charge Qj{J) for the 
simple currents J and J corresponding to the central elements z and z has to vanish modulo 1. 
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In particular, k G pi is a sufficient condition for the absence of global anomalies. Recall that p 
divides r + 1. This implies that p and r are relatively prime. Hence fc G pZ is also a necessary 
condition for the absence of the anomalies if there are no further restrictions on the values of a, i.e. 
if f) = g. Taking into account restrictions (13. ip . this leads to the first result: 

Proposition 3.1 The untwisted coset models corresponding to Lie algebra g = su(r + 1), subgroups 
Z = Zp, r + 1 = pq, and arbitrary subalgebras f) do not have global gauge anomalies if k € pZ. The 
models with f) = g and with k ^ pZ for p > 1 odd or q even, or with k G 2Z \ pZ for p > 2 even and 
q odd are anomalous. 

3.1.2 Twisted case 

For r > 1, there is one nontrivial outer automorphism of su(r + 1). It maps simple root to a^+i-i 
so that for M given by Eq. (|3.3p . 

.{M) = = (^-^^, . . . , , ~aeZ. (3.5) 

The condition 

e2''^*^a;(e-2i'^^^) = e*''^'^^ G Z (3.6) 

reduces to the requirement 

q\a for q odd and for (7 even. (3-7) 

It follows that Z'^ = Zp for q odd and Z'^ = Z2p for 5 even. From Eq. (12. 9p . we obtain 

C5^(5)-i,z = exp[ 

and from Eqs. and ((XS)) . 

exp[-2i7rfctr(Afw(Af))] 

so that the no-anomaly condition (j2.7l) reduces to the identity 

exp[— 2i7rfcaaq] = 1 (3.10) 

which always holds implying 

Proposition 3.2 The twisted coset models corresponding to Lie algebra g = su(r + 1), subgroups 
Z = Zp, r + 1 ~ pq, and arbitrary subalgebras f) do not have global gauge anomalies. 



2i7rfc (3.8) 



expf-2i^fc— 1 (3.9) 



3.2 Case 5^ =so(2r + l), r > 2 

Lie algebra g = Br^ corresponding to group G — Spin{2r + 1), is composed of real antisymmetric 
matrices of size 2r + 1. The Cartan algebra tg may be taken as composed of r blocks 



-t, 
t^ 



(3.11) 



placed diagonally, with the last diagonal entry vanishing. Let G itg denote the matrix correspond- 
ing to tj — iSij. With the normalization such that tr(eiej) = dij, roots of g have the form ±6^ ± Cj 
for i ^ j and ±ei, and one may choose — Ci — e^+i for i = 1 . . . r — 1 and Ur = Cr as the simple 
roots. The center Z ~ Z2 is generated by z = e^''^^ with 9 = \\ = ei, and the only nontrivial 
subgroup of the center \s Z = Z. If we describe M and M in the Euclidian space spanned by vectors 
Ci, it is enough to take 

Af = a6l = (a,0, ...,0), M = 56* (a, 0, . . . , 0) , a,he1. (3.12) 

Lie algebra so^+i does not have nontrivial outer automorphisms. For lj ~ Ld, the global gauge 
invariance is assured if 

fc tr(AfM) = fcaa e Z (3.13) 

which is always the case leading to 

Proposition 3.3 The coset models corresponding to Lie algebra g = so(2r -f 1) and any subalgebra 
f) do not have global gauge anomalies. 
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3.3 Case a =sp(2r), r > 3 



Lie algebra q — C'r, corresponding to group G = Sp{2r), is composed of antihermitian matrices X 
of size 2r such that Q.X is symmetric, with Vl buih of r blocks 




(3.14) 



placed diagonally. The Cartan algebra tg may be taken as composed of r blocks tiU placed diagonally. 
Let ei £ iig denote the matrix corresponding to tj = iSij. With the normalization tr(eiej) = 2Sij, 
roots of g have the form (l/2)(±ei ± ej) for i ^ j and ie^. The simple roots may be chosen as 
ai = (l/2)(ei — Bi+i) for i — 1, ... r — 1 and = e,-. The center Z = Z2 is generated by z = e^"^^ 
with 9 = = (1/2) its only nontrivial subgroup is Z — Z. We then take M and M 

ill the Euclidian space spanned by vectors of the form 

M = a0= (^,...,^) M^a0= (^^,...,^^ a, a G Z. (3.15) 

Lie algebra sp(2r) does not have nontrivial outer automorphisms. For w = Id, taking into account 
the normalization of tr, we obtain: 

~ nciT 

k tr(MM) = fc— , (3.16) 

ensuring the global gauge invariance if it is an integer. The admissible levels k are 

e Z if r is even, (3.17) 
fce2Z if r is odd, (3.18) 

see fT.W, so that the above condition is always satisfied leading to 

Proposition 3.4 The coset models corresponding to Lie algebra g = sp(2r) and any subalgebra [) 
do not have global gauge anomalies. 



3.4 Case D,. = so(2r), r > 4 

Lie algebra g = Dr, corresponding to group G = Spin{2r), is composed of real antisymmetric 
matrices of size 2r. The Cartan algebra tg may be taken as composed of r blocks 




(3.19) 



placed diagonally. Let us denote by e.^ e itg the matrix corresponding to tj = iSij. With the 
normalization tr(eiej) — Sij, roots of g have the form ±ei ± ej for i 7^ j, and the simple roots may 
be chosen as ai — Ci ~ Ci^i for i = 1 . . . r — 1 and = c-r-i + £r- 

Case of r odd. If r is odd, the center Z ^ Z4 is generated by z = g2i7r9 Q — — 

(1/2) Si- The possible nontrivial subgroups are Z — Z and Z = Z2, generated by . In 
particular, Spin{2r) 11^2 — S0{2r). Taking the general form of M and M in the Euclidian space 
spanned by vectors ei, 

M = ~ae= g. 

The admissibility condition for the levels in the corresponding WZW models are [5]: 

fc e 2Z if Z = Z4 , (3.21) 
/c e Z if Z ^ Z2 . (3.22) 



a 
''2 



a G Z if Z = Z4 , 
a e 2Z if Z = Z2 . 
5 e Z. 



(3.20) 
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3.4.1 Untwisted case 

If = /ff then the global gauge invariance is assured if the quantity 



k tr(MM) = k- 



(3.23) 



is an integer. The latter holds for 

/c e 4Z if Z = Z4 , 
/t e 2Z if Z = Z2 . 

Comparing to to the admissibility conditions (|3.2ip . we deduce the following 



(3.24) 
(3.25) 



Proposition 3.5 The untwisted coset models corresponding to Lie algebra q — so(2r), r odd, and 
any subalgebra \) do not have global gauge anomalies for 



k&AZ if Z = 'Li 
k&2Z if Z = Z2. 



(3.26) 
(3.27) 



The models with f) = and fc G 2Z with odd k/2 for Z = Z4 or with k odd for Z = Z2 are anomalous. 
3.4.2 Twisted case 

There is only one nontrivial outer automorphism uj of so(2r) with odd r. It exchanges the simple 
roots ar-i and ar and does not change the other ones. Thus, taking M and M given by p.20p . we 
get 

w(Af) = huj{\)l.) = aA^_i = -hX);. + hq^ = -M + hq" (3.28) 
where G Q'^{Dr). The condition 

e2''^*^w(e-2i'^^^) = e*"^"^^ G Z (3.29) 
is always satisfied whatever the subgroup Z = Z4 or Z2 considered. From Eq. (|2.9p . we obtain 



ZU[Z )~ ^ ,Z 



exp[— iTr/c— ^] 



(3.30) 



and from Eqs. and (jX^ . 



exp[- 2i7rA;tr(Mw(M))] = exp[+ mk—] 
so that the no-anomaly condition (j2.7l) always holds implying 



(3.31) 



Proposition 3.6 The twisted coset models corresponding to Lie algebra q — 5o{2r), r odd, subgroups 
Z = Z4 or Z2, and arbitrary subalgebras f) do not have global gauge anomalies. 

Case of r even. If r is even, the center Z = Z2 x Z2 is generated by zi = e^"^^^ with Oi = X^j. = 
(1/2) 6i and Z2 = e^"^^^ with 62 = Xi = e\. The possible nontrivial subgroups are given in 
Table m 



Subgroup Z 


Type 


Generator(s) 


Z 


Z2 X Z2 


^1, 22 


Zi Z2 X {1} 


Z2 


^1 


Z2 := {1} X Z2 


Z2 




■^diag 


Z2 


^12:2 



Table 1: Subgroups of Z{Spin{2r)) = Z2 x Z2, r even, and their generators. 
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Here, SO{2r) = Spin{2r)/Z2- The general form of M and M in the EucUdian space spanned by 
vectors is 

M = ai9i + 02^2 = + a2, y, . . . , , ai,a2 e Z if Z = Z, 

ai G Z, 02 = if Z = Zi , 

oi = 0, a2 e Z if Z = ^2, (3.32) 

ai = 02 e Z if Z = Zdiag, 

Af = aiOi + 0.262 = + a2, y, . . . , , ai,a2 G Z. 

In this case, the conditions for admissible levels of the WZW model are [S]: 

A: g Z if r/2 is even for any Z, 

r/2 is odd for Z = Z2, (3.33) 
A: e 2Z if r/2 is odd and Z = Z or Z^-mg- 

3.4.3 Untwisted case 

If uj — Id then the global gauge invariance is assured if 

fc tr(A//Af) = k ( — \ \ h 0202 j , (3.34) 

is an integer. This holds for k G 2Z, whatever the subgroup considered. Comparing to the admissi- 
bility conditions (|3.33p . we deduce the following 

Proposition 3.7 The untwisted coset models corresponding to Lie algebra g =so(2r), r even, and 
any suhalgehra f) do not have global gauge anomalies if k G 2Z. The models with i) = Q and with k 
odd for r/2 even and any nontrivial Z , or with k odd for r/2 odd and Z = Z2, are anomalous. 



3.4.4 Twisted case 

For r > 4, there is only one nontrivial outer automorphism uj of so(2r), which is the same as the 
one described in the case of r odd: it interchanges the simple roots q^-i and a^- Thus, taking M 
and M given by p.32p . we get 

uj{M) = aiuj{9i) + 02^(^2) = fiiA^-i + 0-2X1 

= 51 + (51 + 52)A^ + 5iq^ = M + 5i6l2 + 5ig^ (3.35) 



where e Q'^{Dr). The condition 



e 



is satisfied for arbitrary 5i if Z = Z or Z2, and for hi — Qmod2 ii Z = Z\ or Z^iag- For Z = Z, the 
expression for bihomomorphism p. 81) extracted from [7] reads: 

/ iTrfc-i \ ™i"2-m2ni mk r m / n 

(^±exp[— JJ exp[ ^(mirii- + 7711^2 + 7712^1 + 2m2n2)J (3.37) 

for TTii, Hi e Z, with the sign ± corresponding to the two choices of WZ action functional. For the 
cyclic subgroups of Z, the above expression reduces to the one given by Eq. (|2.9p . We have: 

Czcuiz)-\z = ( ± IT'^' exp[i7rfc(ai5i + a25i)] (3.38) 

and, from Eqs. and 

exp[— 2i7rfctr(Afa;(Af))] = exp[— i7rA:((- + l)aiai + aia2 + 0201)] . (3.39) 

Hence the no-anomaly condition (|2.7p requires that 

(±l)"i"i cxp[- i7rfc(^ai5i + 0102)] = 1 (3.40) 

Considering each subgroup Z and the corresponding values of ai, 02, 5i, and 52, and recalling the 
conditions (|3.33l) for the admissible levels of the corresponding WZW model, we deduce the 
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Proposition 3.8 The twisted coset model corresponding to Lie algebra g = so(2r), r > 4 even and 
arbitrary subalgebra do not have anomalies for Z = Z (+ theory), Z\ and Z^iag if k is even, and for 
Z = Zi if k € Z. The twisted models with f) = g for Z — Z (- theory) and k even, and for Z — Z, 
Z\ or Zdiag o,nd k odd, r/2 > 2 even, are anomalous. 

For r ~ A, there are more nontrivial outer automorphisms, because the symmetries of the diagram 
of Z)4 form the permutation group S'3 (the weh known "triahty"). They belong to two conjugacy 
classes, the one composed of cyclic permutations of order 2, 

wi : as — >■ a4 — > as , uj2 '■ ai ^ ^ oli , W3 : ai —> 04 — >■ ai , (3-41) 

and the one containing cyclic permutations of order 3, 

014 : ai — > 0:4 — > 03 — > ai , lu^"^ : ai — ?> as — > 0:4 — > ai . (3.42) 

The no-anomaly conditions for twists uj and uj'louj'^^ in the same conjugacy class are related, as 
was discussed at the end of Sec. [5] they coincide if in the latter case subgroup Z C Z is replaced 
by <jj'{Z). The only exception is the case Z — Z {ot odd k where one has also to interchange the ± 
theories if uj' is cyclic of order 2. It is straightforward to see that 

(jJ^UJlLJ^^ ~ LU2 , LJ^^LJlUJ/^ — W3 (3.43) 

and 

UJ4iZl) = Zdiag , ^a{Z2) = Zi , UJiiZdiag) = ^2 ■ (3.44) 

The results of Proposition 13.81 still hold for r — A and twist uji and the ones for r = 4 and twists uj2 
and L03 follow from the latter by using the above remark (or by a direct calculation) giving: 

Proposition 3.9 The twisted coset models corresponding to Lie algebra q = so(8) with twist uji and 
arbitrary subalgebra do not have anomalies for Z = Z (+ theory), Z\ and Zdiag if k is even, and 
for Z = Z2 if k € Tj. The models with 1} — Q for Z — Z (- theory) and k even, and for Z = Z , Z\ 
or Zdiag om.d k odd are anomalous. The results for twist 102 (uJ^) are as the ones for twist uji except 
for the permutation \3.44^ of the subgroups Z — > u}4{Z) (Z — > uj^^{Z)). 

For the cyclic outer automorphism UJ4 of order 3, taking M and M given by Eqs. p.32L we obtain: 

uj4M) = (^1 + 52)6*1 + &i92 + aiq"^ (3.45) 
where € Q'^{Di). The condition 

e^'"^^ W4(e-''"^^) = exp[2i^(-520i + {&2 - 5i)02)] e Z (3.46) 

is satisfied for arbitrary 01,02 if ^ = Z, and for ai — 0,2, 0,2 — 0, oi — 0, all mod 2, if Z = Zi, Z2 
or Zdiag respectively. Expression p.37p for the bihomomorphism gives here: 

Cic.4(i)-i,. = {±1)-'^''^'+'^^'^^-''^''' exp[i7rfc(aiai + 02^1 - 02^2)] (3.47) 
From Eqs. ((3:32)) and ((335)) . 

exp[— 2i7rfc tr(Maj4(M))] = exp[— i7rfc(aiai + 0201 + 0202)] (3.48) 
so that the no-anomaly condition (|2.7I) becomes 

Considering each subgroup Z and the corresponding values of oi, 02, oi, and 02, and recalling the 
admissible values p. 331) of the level, we deduce 

Proposition 3.10 The twisted coset models corresponding to Lie algebra g = SO (8), outer auto- 
morphism LUi and arbitrary subalgebra do not have anomalies for Z = Z (+ theory) and Z = Z\, Z2 
or Zdiag- The models with I) — Q and Z — Z (- theory) is anomalous. 

The results for the twist oj^^ may be deduced from the above proposition if we observe that ui^^ 
may be obtained from uj^ by the conjugation by any cyclic outer automorphism uj' of order 2. Hence 
the conditions for the absence or the presence of anomalies for the theory twisted by u}^^ are as for 
the ones for the twist LU4 except for the exchange of the ± theories for Z — Z and k odd leading to 

Proposition 3.11 The twisted coset models corresponding to Lie algebra q = SO (8), outer automor- 
phism Lu^^ and arbitrary subalgebra do not have anomalies for Z = Z ( (—)^ theory) and Z = Z\, Z2 
or Zdiag- The models with f) = g, and Z = Z ((—)^^^ theory) is anomalous. 

This may be confirmed by a direct calculation. 
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3.5 Case ee 

The imaginary part itg of the complexification of the Cartan subalgebra tg of g = eg may be 
identified with the subspace of orthogonal to the vector (1, . . . , 1, 0), with the scalar product 
inherited from M7 . The simple roots may be taken as ai — Ci — e.i+i for i — 1 . . .5 and ag — 
(l/2)(— ei — 62 — e3+e4+e5+e6) + (l/\/2)e7, where are the vectors of the canonical basis of K''. The 
center Z 9^ Z3 is generated hy z ^ e^''^® with = = (l/6)(ei + e2 + e3 + e4 + e5-5e6) + (l/A/2)e7. 
The only nontrivial subgroup is Z ^ Z. The general form of M and M in the Euclidian space 
spanned by vectors is 



' ' 6' 6 ' V2 i 

M = a9 ^ [ a e Z. 

' 6' 6 ' 



(3.50) 



3.5.1 Untwisted case 

If uj = Id then the global gauge invariance is assured if 

k tr(MM) = fc^, (3.51) 

is an integer. This holds for k E 3Z. Since all integer levels fc g Z are admissible [71IH], we deduce 

Proposition 3.12 The untwisted coset models corresponding to Lie algebra g = eg and arbitrary 
subalgebra [} do not have global gauge anomalies if k € 3Z. The models Z — Z3, f) = and k G Z\3Z 
are anomalous. 

3.5.2 Twisted case 

There is only one nontrivial outer automorphism w of eg, which exchanges the simple roots ai and 
a2 with Qfs and q;4 and does not change the other ones. Thus, taking M and AI given by (j3.50p . we 
get 

a;(M) = au:{\l) = aA^ = -aA^ + ag"" = -M + (3.52) 
where G ^^(ee). The condition 

e2'"^'^w(e-2-^^) = e4i-a« e Z (3.53) 
is always satisfied for Z ~ Z. From Eq. (j2.9p . we obtain 

Ci<^{i)-\z = exp[-2i7rfc^] (3.54) 

and from Eqs. (P30)) and ([53^ . 

exp[-2i7rfc tr(Mw(M))] = exp[+ 2i7rfc— ] (3.55) 

3 

so that the no-anomaly condition (j2.7l) always holds implying 

Proposition 3.13 The twisted coset models corresponding to Lie algebra Q = Cq, subgroup Z = Z3 
and arbitrary subalgebras f} do not have global gauge anomalies. 



3.6 Case Cj 

The imaginary part itg of the complexification of the Cartan subalgebra tg of g = Zj may be 
identified with the subspace of orthogonal to the vector (1, . . . , 1) with the simple roots ai — 
Ci — e^+i for i = 1 ... 6 and ay = (l/2)(— ei — 62 — 63 — 64 + 65 + 66 + 67-1- eg), where Ci are 
the vectors of the canonical basis of M^. The center Z ^ Z2 is generated hy z = 6^"^® with 
9 = X( = (l/4)(3, —1, . . . , —1, 3). The only nontrivial subgroup is Z = Z. The general form of M 
and M in the Euclidian space generated by Ci is 



/3a —a —a 3a\ „ 
/ 3a —a — 5 3a\ - „ 



(3.56) 
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Lie algebra 67 does not have nontrivial outer automorphisms so that we may take uj = Id. The 
global gauge invariance is then assured if the quantity 



k tr(MM) = fc^, 



(3.57) 



is an integer. This holds for k £ 2Z. The condition for admissible levels also requires in this case 
that /c e 2Z ^ ^ so that we deduce: 

Proposition 3.14 The coset models corresponding to Lie algebra g = ej and any subalgebra f) do 
not have global gauge anomalies. 

3.7 Case 92, fi and es 

The center of the simply connected groups corresponding to Lie algebras = 02 , f4 or Cs is trivial : 
Z = {1} so that there are no nontrivial subgroups Z in that case and we infer: 

Proposition 3.15 The coset models corresponding to Lie algebras g — 02, f4 or Cs and any subal- 
gebra f) do not have global gauge anomalies. 



4 Regular subalgebras 

Looking back at the previous section, the global gauge anomalies of the coset models may appear 
only for g = Ar, Dr and eg in the untwisted case, and only for — Dr with even r in the twisted case 
(note that these are all simply laced Lie algebras) . Now we have to specify the Lie subalgebra f) of a 
simple algebra to see in which cases the anomalies survive the restriction of the symmetry group. 
The first class of semisimple subalgebras that we shall consider are the regular ones, introduced by 
Dynkin in [2j. A Lie subalgebra f) of an algebra is called regular if, for a choice of the Cartan 
subalgebra tg C (defined up to conjugation), it's complexification is of the form 



where tj, C ig is a Cartan subalgebra of f). Subalgebra () is semisimple if a e A|, implies that 
—a e A(, and if a e Aj, span i^. Af, is then the set of roots of f). 

Construction of regular subalgebras. There is a nice diagrammatic method to obtain all the 
regular semisimple subalgebras of a given semisimple algebra (up to conjugation), proposed by 
Dynkin in [2j and summarized in jl8j . We briefly describe it here: 

1. Take the Dynkin diagram of the ambient algebra 0, and adjoin to it a node corresponding to 
the lowest root (5 = — (negative of the highest root (f) of 0, obtaining the extended Dynkin 
diagram of 0. 

2. Remove arbitrarily one root from this diagram, in order to obtain at most r + 1 different 
diagrams, which may split into orthogonal subdiagrams. 

3. Reapply the firsts two steps to each connected subdiagram obtained above, until no new 
diagram appears. This way one gets all the regular subalgebras f) C of maximal rank. 

4. Remove again an arbitrarily root from each diagram, and apply the full procedure to each 
connected subdiagram obtained this way (including the last step) . 

The algorithm stops when no root can be removed, hence one will obtain all the regular subalgebras 
of 0. 




® 

aeA„CAj, 




(4.1) 
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4.1 Regular semisimple subalgebras of Ar 

The semisimple regular subalgebras of Ar are given in [2] (Chapter II, Table 9) and have the form: 

l) = Ar,® ...(B Ar^ , ri + 1 + . . . + r,„ + 1 < r + 1 (4.2) 

The embedding of f) in q realizing the ideals Ar- as diagonal blocks in the matrices of Ar is unique 
up to an inner automorphism of Ar- Taking M and M as given in Eqs. (j3.2p and (|3.3p we must 
require that M + S itj,, for some (7^ G Q'^lAr). Looking block by block, we obtain the conditions 

^^^l^eZ Vz = l,...,m (4.3) 

and that 

^ e Z (4.4) 
r + 1 

if the inequality in (14. 2p is strict. The latter condition implies that p.4p holds eliminating possible 
global gauge anomalies. We may then limit ourselves to the case when the inequality in (14. 2p is 
saturated, this implies that For i — 1, . . . ^m, we may then rewrite conditions (|4.3p as 

a{n + 1) ^ q,{r + 1) q, E Z. (4.5) 

In what follows, we shall denote by, respectively, ui A • • • A w„ and ui V • • • V u„ the greatest 
common divisor and the least common multiple of ui, . . . , u„. Dividing both sides of Eq. (|4.5p by 

(r + 1) A {n + 1), we get 

~ ^' + 1 ^ + 1 (4.6) 



(r + l)A(r, + 1) "'(r + l)A(r, + l) 

so that I ■ Using the fact that and (^r+i)Ail.+i) are relatively 

prime, we infer that (^r+i)A{r +i) I""' ^'^^ tl^^t 

ae- ^-ti -Z Vi = l,...,m (4.7) 

(r + l)A(r, + 1) ^ ^ 

which leads, according to Proposition IB. II of Appendix [BJ to the condition 

aef- -V---V- -]z (4.8) 

V(r + l)A(ri + l) (r + l)A(r„ + l)y ^ ' 

This property can be reformulated, using Proposition IB.2I of Appendix [Bl as 

' " ((r + l)A(.,+'l!A...A(.„. + l)) ^ (^-^^ 
Since we assumed that ri + 1 + . . . + r„i + 1 = r + 1, condition (|4.9p may be simplified to 

aeiT '"'^^ , -t)Z (4.10) 

V(ri + l)A---A(r„ + l)y ^ ' 

In order to guarantee that the quantity p.4p is an integer for every a and a, ensuring the global 
gauge invariance, it is enough to compute it for a = 1 and 

r + 1 

a = 7 ^ } (4.11) 

(ri + 1) A • • • A (r„, + 1) ' 

Denoting (ri + 1) A . . . A (r™ + 1) — I, and r + 1 = pq, the quantity p.4p becomes 

Finally, recalling that l\{r + 1) and, consequently, ^ and r are relatively prime, we infer that the 
right hand side of Eq. (I4.12p is be an integer if and only if 

/ce— ^Z. (4.13) 
qAl ^ ^ 

Taking into account condition p.ip for admissible levels, we are now able to state 
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Proposition 4.1 The untwisted coset models built with Lie algebra q — Ar, subgroup Z = 1,p for 
(r + 1) = pq and any regular subalgebra [) = A^-^ © ... © Aj.^ do not have global gauge anomalies for 



• ri + 1 + . . . r,n + l<r + l /cG 



• ri + 1 + . . . r,n + l = r + l /cG 



2Z if p even and q odd 
Z otherwise 

-Z n 2Z z/p eiJen and q odd 

q A / 

-Z otherwise 



qAl 

where ^ — (ri + 1) A . . . A (r„i + 1). T/ie other untwisted models with admissible levels are anomalous. 

Example 1: g — A4 = su(5). The center Z ^ Z5 of the corresponding group has only one 
nontrivial subgroup, Z = Z = Z5, so with p = 5 odd and q — I odd with the previous notations. 
The admissible levels are fc e Z, according to p.ip . Following Proposition l3.11 the regular subalgebra 
f) = g leads to the condition fc G 5Z for non-anomalous models. Then, applying the last proposition 
above, the cases () — Ai, AiQiAi = 2Ai, A2 and A3 leads to non-anomalous models for every fc G Z, 
because here we have ri + 1 + . . . r„i + 1 < r + 1 = 5. For (] = A2 © Ai , we have an equality. However, 
^ = (''I + 1) A (r2 -I- 1) = 3 A 2 = 1, so //(Z A g) = 1 and the model has no anomalies for every fc G Z. 
Consequently, the only anomalous models corresponding to = ^4 and f) regular are those with 
[5 = g, Z = Z and fc G Z \ 5Z. 

Example 2: g = A^ = su(6). Here the center Z = Zg has three nontrivial subgroups : Z = Zg, Z3 
and Z2 with the respective admissible levels fc G 2Z, Z and 2Z. The models corresponding to the 
case i) — g will be non-anomalous for 

( 6Z ifZ = Z6 
fcG < 3Z if Z = Z3 (4.14) 
[ 2Z ifZ = Z2. 

Regular subalgebras t) — Ai, 2Ai , A2, A2 ® Ai, A3 and A4 correspond to the strict inequality for 
ranks in the proposition above, so there will be no anomalies for these models with 

Computation shows that f) = 2A2 leads to non-anomalous models for the same fc as for f) = g, and 
that the models corresponding to f) = A3 © Ai and to 3Ai have no anomalies for fc G 2Z if Z = Zg 
or Z2 and for fc G Z if Z = Z3 . Thus, the anomalous models corresponding to g = have either 
fl = g or i] = 2A2, where fc G 2Z \ 6Z for Z ^ Zg and fc G Z \ 3Z for Z = Z3. 

4.2 Regular semisimple subalgebras of Dr 

The semisimple regular subalgebras of Dr are given in [2j (Chapter H, Table 9) and have the form: 

t) = Ar,® . . .® Ar^(B Ds,(B . . .(B Ds„ (4.16) 

where ri -I- 1 -f . . . + r„i + 1 + si + . . . Sn < The embedding of Ds- subalgebras realizes them 
as diagonal blocks in Dr- Instead of giving an explicit embedding of subalgebras Ar^, it is enough 
to see that Ai is trivially embedded in by sending the I simple roots af^ of Ai to the / first 

simple roots af '"""^ of Dj+i. Then, the Serre construction allows us to reconstruct the full structure 
of Ai, embedded in which is then easily embedded in Dr as a diagonal block. The embedding 

of f) into described above is unique, up to inner automorphisms of g, except for even r if there 
are no Dj. and ri -f 1 + . . . + + 1 — r with all odd. In the latter case there is a second 
independent embedding of yl^j © ... © Ar^ into Dr that sends the simple roots of Ar^ to the last 
r„i + 1 simple roots of Dr omitting a^-i- That embedding is related to the previous one by the 
outer automorphism uj of Dr that permutes roots and a^, but not by an inner automorphism. 
Recall that the coroot lattice Q'^{Dr) is composed of vectors 

r r 

g'^=^(7,^ej with g.'^GZ and ^ q,^ G 2Z . (4.17) 



■^To take into account all the possible cases with this formula, we may need to consider D2 instead of 2Ai and D3 
instead of A3 to respect the inequality. See examples below. 
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Case of r odd. Taking M and M as given in p.20p . we shall impose the condition e^''^^ e H. 
On the Lie-algebra level, we have to show that for some E Q^(0), M + g^ belongs to itf,. Looking 
block by block, we infer that 



a{r, + 1) 



eZ, i = l,...,m, (4.18) 



and that 



a 



2 e Z (4.19) 



if ri + 1 + . . . + r„j + 1 + si + . . . s„ < r. The condition that the sum of components of vectors in 
(5^(so(2r)) is even imposes the additional requirement that 

CLT 

ye2Z, (4.20) 

i.e. a G 4Z, in the absence of Dg. components in f), (in that case conditions (|4.18p and (j4.19|) imply 
already that d G 2Z). Re-examining the quantity (|3.23p which has to be an integer with the above 
restrictions in mind and taking into account the conditions for admissible levels, we deduce 

Proposition 4.2 The untwisted coset models built with Lie algebra g — so(2r), r odd, and a regular 
subalgebra [) — Ar^ © . . .© ®Ds^ ® ■ ■ .©Z3s„ do not have global gauge anomalies for the following 



cases 



• ri + 1 + . . . + r„j + 1 + si + . . . s„ = r with all ri odd and k G 



AZifZ^ Z4 
2Z if Z ^ Z2 



^ri + 1 + . . . + r„r + 1 + si + . . . Sn < r or 1 ^ ^ f 2Z i/ Z ^ Z4 

ri + 1 + . . . + r„i + I + si + . . . Sn ~ r and some ri even J \ Z if Z = Z2 

The other untwisted models with admissible levels are not globally gauge invariant. 

Remark In particular, the global gauge anomalies present if f) = g for Z = Z4 and k G 2Z, 
k/2 odd, or for Z = Z2 and k odd, disappear for f) = © . . . © Ar^ © Ds^ © ... © if 
ri + 1 + . . . + r„i + 1 + si + . . . s„ < r or if ri + 1 + . . . + r,„ + 1 + si + . . . Sn — r with some ri even. 
Note that if there no Dg^ and ri + 1 + . . . + r.,„ + 1 = r then all cannot be odd. 

Example: = 1)5= so(lO). The admissible levels are fc G 2Z for Z = Z = Z4 and fc G Z for 
Z = Z2. According to Proposition 13.51 there are no gauge anomalies in the case [) = g for 

f 4Z if Z^Z4 

2ZifZ^Z2. (4-21) 

For regular subalgebra f) = Ai,2Ai = 1)2,^2,^3 — £'3,^4, the inequality on the ranks is strict so 
there are no anomalies for 

' 2Z ifZ = Z4 



'^[Z ifZ = Z:. (4.22) 

In the case I) — A4 and © ^1, the rank inequality is saturated and there is one even, so (j4.22p 
still gives the no-anomaly condition for k. admits also D3 © D2 = ^3 © 2Ai , ^1 © D3 = A3 © Ai , 
A2 © I?2 = ^2 © 2^1, 2D2 = 4Ai and Ai © 1^2 = 3Ai, see [H] or the method described above, 
where only the left hand sides respect the inequality for ranks and should be used to extract the 
no-anomaly conditions. For A2 © D2, 2D2 and Ai © D2 either the inequality for ranks is saturated 
and there is an even or the inequality for ranks is strict, hence there are no anomalies for levels 
satisfying (|4.22p . Finally, for D3 © D2 and Ai © D3 the rank inequality is saturated by there is no 
even and the gauge anomalies persist for Z = Z4 if fc G 2Z \ 4Z and for Z = Z2 if fc odd. 

Case of r even. Taking M and M as given in (|3.32p and following the same reasoning as for the 
case of r odd, we get the same conditions: 

^i^^^^^GZ, z = l,...,m, (4.23) 
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and, if ri + 1 + . . . + r,„ + 1 + si + . . . s„ < r, 

y G Z (4.24) 
Additionally, if there are no Dg. components in [), then 

di - + 0,2 E 2Z for the f** embedding 

ai(^ - 1) + ^2 e 2Z for the 2"^^ embedding (4.25) 

(the last two conditions differ only if all are odd and the rank inequality is saturated because 
in the other cases ai has to be even). Examining the quantity (13.341) which has to be an integer 
with this information in mind and taking into account the admissibility conditions for the levels, we 
deduce 



Proposition 4.3 The untwisted coset models built with Lie algebra g — so(2r), r even, and a regular 
subalgebra \) = Ar-^ ® . . .®Ar^ ® Dsi ffl • ■ -ffi-Dsn do not have global gauge anomalies for the following 
cases 

• ri + I + . . . + rm + 1 + si + . . . Sn = r with all ri odd 

{2Z for any Z 
Z ifr/2 even, no Dg^ and Z = Zi for the 1*^* embedding 
Z ifr/2 even, no Dg^ and Z = Zdiag for the 2"^^ embedding 

ri + 1 + . . . + r„j + I + si + . . . Sn < r or 1 
ri + 1 + . . . + r,n + 1 + si + . . . s„ = r and some ri even J 

{2% if Z = Z, Zy or Zdtag 
Z if Z = Z2 
Z if r/2 even, no Dg^ and any Z 

The other untwisted models with admissible levels are not globally gauge invariant. 

Remark In particular, the global gauge anomalies present if f) = g for Z = Z2 and k odd 
disappear for [) = Ar^ ® . . . ® Ar^ ® Z^si ® • ■ • © if ri + 1 + . . . + r,„ + 1 + si + . . . s„ < r or if 
ri + 1 + + 1 + si + ... s„ = r with some rj even. 



Example: g = D4 = so(8). Here r and r/2 are both even, so all levels fc e Z are admissible for all 
Z and there are no anomalies in the case \) — g for k even according to Proposition 13. 71 whereas the 
cases with k odd are anomalous. The possible (proper, nontrivial) subalgebras [) are: Ai, A2, 2Ai, 
A3 (the latter two with 2 inequivalent embeddings), D2, D3, 2D2 and Ai ® D2. Note that the two 
embeddings of 2Ai and that of D2 are related by the outer automorphisms of D^^ and similarly for 
the two embeddings of A-^ and the one of D3. For regular subalgebra ^ = Ai or A2, the inequality 
on ranks is strict and there are no Dg^ so there are no anomalies for fc G Z for all Z. For D2 or 
Z^a, the rank inequality is still strict and there are no anomalies for k even and all Z and for k odd 
and Z = Z2. For Ai © D2 or 2D2, the rank inequality is saturated and there are no anomalies for 
even k and any Z. Finally, for 2Ai or A3 the rank inequality is saturated and there are no Dg^ so 
there are no anomalies for k even and any Z and for k odd and Z = Z\ for the 1*^* embedding and 
Z = Z^ag for the 2"^ one. 

Recall from Sec. 13. 4. 41 that the twisted coset models for g — so(2r) = f) with r > 4 even have 
gauge anomalies for Z = Z (- theory) if k is even and for Z ^ Z , Zi or Zdiag if k is odd for r/2 
even. These are the cases where the no-anomaly condition (j3.40p may be violated. The restriction 
g2i7rA/ e 7J for (3 = e . . . e Ar^ ® D g^ ® . . . ® D g^ \i ri + 1 + . . . + r„i + 1 + Si + . . . s„ < r or if 
ri + 1 + . . . + r„i + 1 + si + . . . s„ — r with some even imposes the condition ai G 2Z removing the 
anomalies in the case Z = Z {- theory) for k even and, if, additionally, there are no Dg. components 
in f), also for Z ^ Z2 and k odd. If there are no Dg^ and ri + \ + . . . + rm + ^ = r with all odd 
then for k odd (r/2 even) the anomalies for Z = Z are removed for the + theory in the case of the 
l**' embedding and for the — theory in the case of the 2"^^ embedding, and for Z = Z\, Zdiag in the 
case of both embeddings. We obtain this way 
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Proposition 4.4 The twisted coset models built with Lie algebra g = so(2r), r > 4 even, and a 
regular subalgebra [} = Ar-^ © ... © Ar^ © -Dg^ © ... © Ds^ do not have global gauge anomalies for the 
following cases 

• ri + 1 + . . . + + 1 + si + . . . s„ = r with all ri odd 
2Z if Z — Z (+ theory) or Z = Z\, Zdiag 
Z if Z ^ Z2 

fc e < Z ifr/2 even, no D^- and Z = Z (+ theory) for the 1^* embedding 
Z ifr/2 even, no Dg. and Z = Z (- theory) for the 2"*^ embedding 
Z if r/2 even, no Ds- and Z = Zi, Zdiag 



ri + 1 



< r or 

— r and some r, even 



■ + rm + I + si + . . .s 
ri + 1 + . . . + + 1 + si + . . . s 

{2Z if Z = Z, Zi or Zdtag 
Z ifZ = Z2 
Z if r/2 even, no Dg. and Z ~ Z, Z\, Zdiag 

The other twisted models with admissible levels are not globally gauge invariant. 



The above results also hold for the coset model with g = so (8) with twist u)i, see p.4ip . Hence, 
for f) = Ai or A2 there are no gauge anomalies. For D2 or there are no anomalies if k is even 
for any Z and if k is odd for Z = Z2- For A\ © D2 or 2D2 there are no anomalies if k is even for 
Z = Z (+ theory) or Z = Z\, Z2, Zdiag or if k is odd and Z = Z2. Finally, for 2A\ or A3 there 
are no anomalies for Z = Z (+ theory for the l*** embedding, - theory for the 2"*^ one) and for 
Z = ^1,^2, Zdiag- In accordance with the discussion of Sec. 13. 4.^ we may obtain the result for twist 
ixi2 from the one for lo\ by applying the permutation Z — > uJi(Z) induced by the outer automorphism 
014 on the cyclic subgroups of Z, see Eqs. (j3.44p . and on the one f) — >■ i^4(fl) on subalgebras (modulo 
inner automorphisms) induced by the action (j3.42l) of lo^ on simple roots: 



a;4(Ai) = Ai, ujM2)^A2, c^4((2Ai)(i))==(2Ai)(2), c^4((2Ai)(2)) 

(2Ai)(l), W4p3)=4'^ W4(2i?2)=2A 



u;4(Af) = i?3, oji{D2) 



where the superscript (i) 



D2 

UJ4{Ai 



A 



'D2)^Ai 



(2) 



'D2. 
(4.26) 

i ~ 1,2, labels the independent embeddings. Similarly, the result for 

^4-'(f))- 



twist ws from the one for uji by applying the inverse permutations Z — > ^4 ^{Z) and f) 



For twists aj4,aj4 ^, the the remaining gauge anomalies are lifted if f) 
restrictions 01,0,2 € 2Z resulting in 



Ai or A2 imposing the 



Proposition 4.5 The twisted coset models built with Lie algebra q = so(8) with twist UJ4 have global 
gauge anomalies for regular subalgebras [) = 2Ai, A3, D2, 0^,202, Ai © D2 and Z = Z (- theory). 
The other cases of coset models with Lie algebra so (8) and twist CJ4 are without anomalies. 



Similarly 

Proposition 4.6 The twisted coset models built with Lie algebra q = so (8) with twist io^ 
global gauge anomalies for regular subalgebras f) — 2Ai, A3, D2, 0^,202 and Ai © D2 
((—)'^ theory). The other cases of coset models with Lie algebra so(8) and twist lo^^ 
anomalies. 



have 
and Z = Z 
are without 



4.3 Regular semisimple subalgebras of ee 

In this case with fixed rank r = 6, one can establish a complete list of regular semisimple subalgebras, 
up to conjugation, with an embedding, however, that is not explicit [2^ ,18]. We shall only need the 
embedding of simple roots in the ambient algebra which is enough to reconstruct the full embedding 
using the Serre construction. The element M and M will be described employing the explicit 
realization of the coweight and coroot lattices of Zq, 

P>e)^{(i.,.,.-.,i.,.A) 

and the coroot lattice {t(i) is defined the same way but adding the condition a E 3Z. We 
shall consider only the untwisted coset models because the twisted ones are non- anomalous, see 



a,b,qi,...,qeeZ ^ 

a + qi + . . . + ge = \ (4.27) 

a + & e 2Z 
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Proposition 13.131 Taking M and M in P^(e6) with the corresponding coefficients, the quantity 
(|3.5ip becomes 

k tr(MAf) ^ k^ + to, with m e Z (4.28) 

Now, specifying a subalgebra f) C ee and requiring that e^m-A/ ^ z D H, two possibilities arise: if 
one can show that a e 3Z then the previous quantity is an integer for every A: e Z and all the 
corresponding coset models are globally gauge invariant. Otherwise, if there exist an element M 
such that d ^ 3Z, then we have to require k £ 3Z to have a globally gauge invariant coset model, 
and the other coset models are anomalous. Before examining the anomaly problem for every regular 
subalgebra of eg, one can make four remarks: 

• if there are no anomalies for a given subalgebra f) of eg (a G 3Z) , then the regular subalgebras 
that are smaller (and will be obtained from the Dynkin diagram of t) by the procedure described 
above) lead also to the condition S, G 3Z, inheriting it from f). In other words, the regular 
subalgebra with no anomalies protects the cases of its regular subalgebras. Consequently, we 
will look only at the cases where the anomalies are present and treat the problem by decreasing 
rank. 

• Among the regular subalgebras generated by the algorithm described at the beginning of 
Sec.m many can still be mapped into each other by the conjugations that normalize ifg (and 
induce on it Weyl group transformations) and, as a result, they lead to the same condition 
for the absence of anomalies. We may then consider only one regular subalgebra in each class 
of subalgebras related by Weyl group transformations. In particular, there are Weyl group 
transformations that permute the simple roots ai and S = —(j) according to the symmetries 
of the extended Dynkin diagrams (see, e.g.. Appendix B of [10]) and they permit to restrict 
the count of regular subalgebras. 

• The subalgebras related by the outer automorphism of eg lead to the same no-anomaly condi- 
tion, see the remark at the end of Sec. [51 

• Since e^'^^^^ e Z n if and only if M £ P^(g) and M + q"" £ it,, C itg for some £ Q^(e6), 
it is enough to check the no-anomaly condition (|2.12p only for M £ -P^(g) perpendicular to 
the orthogonal complement it^ of itf, in itg. 

We now consider the regular semisimple subalgebras, beginning by those of rank 6 and then 
decreasing the rank. Subspace it^ (which is small for high ranks) is computed for each subalgebra 
and we look at the consequences of the condition M _L it^ on M. Upon using the protection property 
and the Weyl transformations described above, as well as the outer automorphism of eg, only a few 
cases have to be treated. The explicit computation is given in Table [5] The subalgebras of rank 
6 are not represented because we have =0, so there is no supplementary condition for M and 
there are always anomalies if fc ^ 3Z. Only subalgebras of rank 5 and 4 have potential anomalies, 
the ones of lower ranks being protected by a possible inclusion into non-anomalous subalgebras. 





simple roots of f) 


basis of iijj- 


M 




ai, a2, as, a4, ag 


(1,1,1,1,1,-5,3^2) 


a e 3Z 


A3 © 2Ai 


Q!i,Q!2,a3 ffi <5® a5 


(1,1,1,1,-2,-2,0) 


a G 3Z 


A4 ® Ai 


ai, a2, as, 0^4® S 


(1,1,1,1,1,-5,0) 


a G 3Z 


A5 


ai, a2, as, a4, as 


(0,0,0,0,0,0,1) 


a G 2Z 


2A2 © Ai 


ai, a2 ® a4, 05 © ag 


(1,1,1,-1,-1,-1,3^2) 


a G z 


2A2 


ai, a2 © a4, 


(1,1,1,-1,-1,-1,0) 
(0,0,0,0,0,0,1) 


a G 2Z 



Table 2: itjj- for the regular subalgebras of eg of rank 5 and 4 and consequences for a; the simple 
roots ai of eg and its lowest root d are used to generate the regular subalgebras [18] . 

We are thus able to state 

Proposition 4.7 The untwisted coset models built with Lie algebra g = eg and any regular subalge- 
bra t) do not have global gauge anomalies for every k £ "L, except for the cases f) — eg, © ^i, 3^2, 
of rank 6, A^ , 2 A2 ®Ai, of rank 5, and 2A2 of rank 4, where the only globally gauge invariant models 
are those with k £ 3Z. 
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5 R-subalgebras and S-subalgebras 



The regular subalgebras are not the only possible Lie subalgebras for a given ambient Lie algebra. 
We can use them, however, to classify all the remaining ones. Let f) be a semisimple subalgebra of 
g. Let TZ{t}) be a minimal regular subalgebra of g containing () (up to conjugation). If TZ{t)) = g, 
then f) is called an S-subalgebra. Otherwise, it is called an R-subalgebra. For the exceptional simple 
algebras, the classification of R- and S-subalgebras has been achieved by Dynkin in P]. The case 
of other simple algebras was discussed in ^ with less explicit results. Li this section, we first treat 
completely the case of non-regular subalgebras of the exceptional Lie algebra g = eg which may have 
anomalies and then we consider some examples of non-regular subalgebras of classical Lie algebras. 

Dynkin index. Consider a simple Lie subalgebra f) C g of a semisimple Lie algebra g and the 
corresponding embedding t. The relation 

trg{L{X)f = jtTt,X^ for Xet) (5.1) 

where the invariant quadratic forms tr^ and tri, have the normalizations described in the beginning 
of Sec. [21 defines the scalar factor j (independent of X), called Dynkin index, which is always an 
integer |2j. Moreover, j is invariant under composition of l with inner (and outer) automorphisms 
of g, so that it depends on the class of equivalent embeddings. 

5.1 Simple nonregular subalgebras of Cq 

Subalgebras of rank 1 According to Dynkin, the subalgebra \j = Ai can be embedded in several 
different ways in eg, as regular, R- and S-subalgebra and the embedding t is fully characterized 
by the embedding of the simple coroot of Ai. Recall the compatibility condition for M in the 
anomaly problem 

e^'''^'^^ e H n Z C Z{H) , (5.2) 

where Z{H) = {1, e^i'^'C^")} with A"^ = is the center of H which is either trivial (if 1 = e^'^^'^f^") 
and H ^ 50(3)) or is isomorphic to Z2 (if 1 ^ e^'^^'t^'') and H = SU{2)). Looking at the embedding 
of in eg, three possibilities can occur 

1. If 6(A^) ^ P^(c6) then Z D H — {1} and M is a coroot of eg, so the quantity (|3.5ip is always 
an integer and there are no anomalies for this model. 

2. If t(A^) £ (5^(e6) then M is still only a coroot of eg, and there are no anomalies too. 

3. If t(A^) G P^(eg) \ Q^(eg) then anomalies are possible and we have to check that the quantity 
p.5ip is an integer for M = t(A^) looking at the corresponding value for a, see Eq. (|4.28p . 

The explicit embeddings are given in [2J (Chapter III, Table 18), and the computation of the inter- 
section with the roots of eg is done in Table [3] for each subalgebra of rank 1: the possibility 3 never 
occurs, so there are no anomalies for the corresponding coset models for any fc € Z. 

Simple S-subalgebras of rank > 1 Following [2J (Chapter IV, Table 24), there exist four S- 
subalgebras of eg of rank > 1: h = ^2,02,04 and f^. For the cases g2 and f4, the center of the 
corresponding group is Z{H) = {1}. Then M can be only a coroot of eg and the quantity (j3.5ip is 
always an integer. For the two remaining cases, the explicit embedding is still given in [2J, and the 
strategy is the same as for rank one: we look how the generating element of Z{H) intersects 

with the lattices of eg and check which possibility occurs among those listed in the case of rank 
one (except that we would also have to check that for the low multiples of A^ if i(A^) were not in 
(5^(g)). The results are described in Tabled] from which we infer that there are no gauge anomalies 
for all simple S-subalgebras of eg. 

Simple R-subalgebras of rank > 1 We only need to look at the R-subalgebras f) with potential 
anomalies. Indeed, the subalgebra TZ{\)) is regular, so has been already treated. If ??.(()) corresponds 
to a model without anomalies, then it protects also the R-subalgebra f) included in it and there 
will be no anomalies for the model built with t). The list of the R-subalgebras of eg is given in [5] 
(Chapter IV, Table 25), but without explicit embedding. There remain five cases with potential 
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Index 




Compatibility 




1 




(0,0,0,0,0,0,^) 






2Ai 


2 




(i, 0,0,0,0,4,^) 




y- v^D/ 


3^1 


3 


( 


111-1-1-1 3 

4'4'4' 4' 4' 4' 2V2 


) 


^^""(ee) 


A2 


4 


(0,0,0,0,0,0,%/2) 


e Q^(e6) 


A2 ® Ai 


5 


(i, 0,0,0,0,^,^2) 




A2 © 2Ai 


6 


(i,i,0,0,4,^,\/2) 




2A2 


8 


(1,0,0,0,0,-1,V2) 


e Q^(e6) 


2A2 ® Ai 


9 


( 


3 11-1-1-3 5 
4'4'4' 4' 4' 4' 2V2 


) 


^^^(ee) 


^3 


10 




/' 1 — 

I 2 2 ' 




^^^(ee) 


Ai. ffi A^ 


11 




/i 1 ^ ^ ^"l 

\2'2'"'"' 2' 2 ■ ^) 

r' A 






ffi 2A^ 


12 


( 


111-1-1-1 3 
2'2'2' 2' 2' 2'y^ 


) 






20 


(1,0,0,0,0,-1,2^2) 




e Q^(e6) 


A4 e ^1 


21 


(l,i,0,0,^,-l,2V2) 


^^^(ee) 




28 


( 


111-1-1-1 5 
2'2'2' 2' 2' 2'y2 


) 


e Q^(e6) 


^5(01) 


30 




(1 1 ^ -1 -^"l 




^^^(ee) 


^5 


35 




1 ^ ^ -^1 

\^2'2'"'"' 2' 2 ' ^ J 




^^^(ee) 




36 


( 


3 11-1 _1 -3 5 
2'2'2' 2' 2' 2'y^ 


) 


e Q^(e6) 




60 




3 11-1-1-3 7 
2'2'2' 2' 2' 2'y2 




e Q^(e6) 


^6(01) 


84 


(2,1,0,0,-1,-2,4^2) 


e Q^(e6) 


66 


156 


( 


5 3 1-1-3-5 11 
2'2'2' 2' 2' 2'y2 


) 


e 0^(e6) 



Table 3: The embedding of element for rank 1 subalgebras and its intersection with the lattices 
of 66. 





7^(()) 


Index 


.(AV) 


Compatibility 


A2 




9 


l\ 1 1-1-1 
\^ 2 ' 2 ' 2 ' 2 ' 2 ' 




e Q^(c6) 




26 


1 


/ 1 1 1-1-1 
\ 2 ' 2 ' 2 ' 2 ' 2 ' 


2 ' 


e Q^(e6) 



Table 4: The embedding of element A^ for simple S-subalgebras of Ce and its intersection with the 
lattices. 



anomalies: f) = A2, with 7^(f)) = A5, 2A2, 3^2, and t] = A3 or C3 with 7?.(f)) = A5. If 7?.(f)) is simple, 
then the embedding of f) in ??,([)) is given in [TS| (Table XIII), considering () as an S-subalgebra of 

7^(f)). 

If 7?.(f)) is only semisimple, the problem of the embedding is treated in [19], where several inequivalent 
embeddings of f) in Ce appear. For the \) ~ A2 and 7?.(f)) = 3^2, the two inequivalent embeddings 
are the following, denoting by (x{ and oi^ the simple coroots of A2. 

i^(ai) ^ a\ ^ + 5" L2{5i\) ^ a\ ^ al ^ (5.3) 

.i(a^) = a^-f aX + ag^ i2{a\) ^ a\ ^ al + (5.4) 

where we have exchanged (xl and The other possible exchanges are equivalent to l\ or L2 |19| . 
For ??.(()) = 2^2, the two embeddings are given by similar formulas but with omission of ag and 
. Again, in order to find Z{H) n Z, we have to check how the generating element i(A^) of Z{H) 
intersects with the lattices of eg . An explicit calculation is done in Table [SJ and this time potential 
anomalies occur. Then, looking at the value of 5, for M = t(A^), we deduce an, eventually more 
restrictive, condition on level k required to avoid the anomalies (to exclude the anomalies in the 
case of yl3 C A5, we also have to observe that i(2A^) e {^o))- 
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Index 




Compatibility 


a 


A2 


2A2{ii) 


2 


,1 i -2 2 -i -i 






A2 


2^2(^2) 


2 


yi i -^^ T 1 of 

^ ' ' -1 ' ' iJ_ i 


eP^(e6)\Q^(e6) 


2 


A2 


iA2{il) 


3 


(0,0,-1,1,0,0,0) 


e Q^(e6) 




A2 


3^2 (/,2) 


3 


(0 -1 - - — 0) 






A2 


A, 


5 


I'l -1 -I '2 -\ -4 r)\ 


eP^(e6)\Q^(e6) 


4 


^3 


A, 


2 








C3 


A, 


1 


V2'2'2' 2' 2' 2'^/ 







Table 5: The embedding of element for simple R-subalgebras of eg and its intersection with the 
lattices. In case of potential anomalies, the explicit value of a that enters quantity (j4.28ll is given. 

This way, we obtain the general result for simple nonregular subalgebras of eg 

Proposition 5.1 The untwisted coset models with g = eg and any simple, nonregular subalgebra I) 
do not have global gauge anomalies for fc S Z except for the R-subalgebras [) = A2 with ??,(()) = A^ 
and ^ A2 with TZ{1)) — 2A2 embedded via 12- For those subalgebras, the global gauge invariance 
requires that k G 3Z. 

5.2 Semisimple nonregular subalgebras of Cq 

Let f) be a semisimple subalgebra of eg: 

n 

i)= ® iji (5.5) 

i=l 

where the f)i are simple, and the corresponding subgroups are denoted by Hi. The case n = 1 
has been already treated above, so we now deal with n > 2. First, suppose that one of the i)i 
considered as a simple subalgebra leads to anomalies: there exists Mi such that e^"^*^' ^ Hi O Z 
which imposes fc g 3Z to ensure that the quantity (I3.5ip is integral. Then, taking M = Mi but now 
embedded in f), we shall still have to impose fc € 3Z to have a globally gauge invariant model with 
semisimple Lie algebra t). In other words, semisimple algebras composed of simple ideals with at 
least one leading to anomalies are also anomalous. However, the inverse is not true: one can have a 
semisimple subalgebra corresponding to an anomalous model with all its simple ideals without any 
anomaly. For example, the model with regular subalgebra 2A2 of eg is anomalous for fc G Z \ 3Z 
whereas the one with A2 (still regular) is globally gauge invariant for every k E Z. Thus we need to 
check all the cases where all the simple ideals correspond to models without anomaly. To do that, 
we need to consider the elements '^i^'i^'i) where G Z and Xi are the generating elements of 

the center of the Hi, which have all been described above in the simple case (Tables [3l |4]and[5]), 
and i : f) — )> Cg is the embedding. Comparing how these elements are compatible with the coroot 
and coweight lattices of eg, the anomaly problem is reduced to the three possibilities described in 
the simple case 15. II 

S-subalgebras In [2J (Chapter V, Table 39) one can find all the S-subalgebra of eg and their 
including relations. It turns out that subalgebra 1} = Q2® A2 (with the explicit embedding given in 
[2J, Chapter V, Table 35) leads to an anomaly if fc G Z\3Z, and that the other semisimple nonsimple 
S-subalgebras of eg are protected. 

R-subalgebras The end of [T^ proposes a method to construct all the semisimple R-subalgebras: 
the idea is to take the semisimple S-subalgebras of the semisimple regular subalgebras of eg, treating 
each semisimple ideal independently. The semisimple S-subalgebras are described for the classical 
algebras up to rank 6 in [TB], which is enough to construct all the semisimple R-subalgebras of eg. 
However, we only need to treat the R-subalgebras f) where the regular subalgebras ??.([)) lead to 
an anomaly problem, because the other cases are protected against anomalies. The computation is 
given in Table |6l using the fact that one ideal leads to an anomaly or computing the elements of the 
center as described before. Note that for the nonsimple S-subalgebra A2 (B Ai C ^5, A2 is actually 
embedded in A2 © A2 |18| , so the question of the two inequivalent embeddings ii and (-2 arises also 
here, as in 15.11 Working by decreasing rank, we have excluded some algebras from this Table since 
they are protected by the ones of higher rank that do not have anomalies. 
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[) 


7e(f)) 




Indices 


No anomaly for 


A2 ® Ai 


At^ © Al 


At; Al 


2 1 


k e'iz 


A3 Ai 


Ai\ © Ai 


As Al 


2 1 


fc e z 


C3 ® Ai 


A5 © Al 


A5, Al 


1,1 


fc e Z 


Ai © Ai 


A5 © Al 


A5, Al 


35,1 


fc e Z 




A5 © Al 


At;, Al 


2,3,1 


fc e Z 


(^9(^9) © yll ) ffi Al 


A5 © Al 


A5, Al 


2,3,1 


A: e 3Z 


(2Ai) © Ai 


A5 © Al 


A5, Al 


8,3,1 


fc e Z 


© (2A2) 


A2 © (2A2) 


A2,2A2 


4,1,1 


A: e 3Z 


y42 © ^2(tl) 


A2 © (2A2) 


A2,2A2 


1,2 


fc e Z 


^2 ©^2(t2) 


A2 © (2A2) 


A2,2A2 


1,2 


A: g 3Z 


Al ©^2(62) 


A2 © (2A2) 


A2,2A2 


4,2 


A: G 3Z 


© ^1 © A2 


A2 © A2 © A2 


A2,A2,A2 


4,4,1 


A; e Z 


A2iL2)(BAi 


As 


As 


2,3 


A: e 3Z 


v41 © ^2(12) 


Al © (2A2) 


Ai,2A2 


1,2 


A: e 3Z 


© yll © A2 


Al © A2 © A2 


Ai,A2,A2 


1,4,1 


A: e Z 



Table 6: Semisimple nonsimple R-subalgebras of eg with possible anomalies and the conditions on 
k required for their absence 



Putting all that together, we obtain the following result: 



Proposition 5.2 The untwisted coset models with g — ^.i^d any nonregular nonsimple semisimple 
subalgehra f) do not have global gauge anomaly for k ^ "L, except for the S-subalgebra f) = g2 ffi A2 
and the R-subalgebras appearing in Table with the condition A; G 3Z which exhibit global gauge 
anomaly for k € Z \ 3Z. 



5.3 Examples of nonregular subalgebras of classical Lie algebras 

The semisimple nonregular subalgebra of classical algebra have been classified explicitly in |18| only 
up to rank 6. The general classification proposed by Dynkin in [5] is less explicit and does not allow 
us to treat the anomaly problem in a general form as for regular subalgebras. Here we only give 
some example of classical algebras, but the method is always the same once the explicit embedding 
of a subalgebra is known : as for Zq , we need to look how the embedding of the generating element of 
the center of the considered subalgebra is compatible with the coroot lattice of the ambient algebra. 

Nonregular semisimple subalgebras of A4. The coroot lattice of A4 is given by 

P^(A4) = I (^^ + <7i,...,| + g4,-y-gi q4^ a,gi,...(Z4 e z| (5.6) 

and the coweight lattice (5^(A4) is given by the same formula but with a = 0. According to |18| . 
A4 admits two S-subalgebras which are simple : Ai and B2. For f) = Ai, the embedding of the 
generating element of the center of the corresponding group is given by 

i(A^) = (2,1,0,-1,-2) eQ^(A4) (5.7) 

so the quantity k tr(MM) will be integral for every k E Z and there will be no anomaly for this 
model. For {) = B2, one have 

i(A^) = (1,0,0,0,-1) e Q^(A4) (5.8) 

which leads to the same conclusion. As we have seen in the regular case, all regular subalgebras of 
A4 (except A4) leads to non-anomalous models. We immediately conclude that all the R-subalgebra 
of A4 are protected by their regular TZ{\)), so there is also no anomaly for these models. Finally, the 
only anomalous models corresponding to g = A4 and an arbitrary semisimple subalgebra are those 
with [) = 0, Z = Z = Z5 and A; e Z \ 5Z. 
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S-subalgebras of . The coroot lattice of is given by 



a,qi,...q5eZ} (5.9) 



P (^5) = ^ ( g+'?i,---,g +95,-^-91 95 

and the coweight lattice Q"^ {A^) is given by the same formula but with a = 0. According to |18) . 
A5 admits six S-subalgebras : Ai, A2, A3, C3, Ai Q) Ai and A2 ® Ai. For f) = Ai, one has 

^ ' V2 2'2' 2' 2' 2/' ^ ' 

see Table VI of ^8J, whereas for t) — A2, A3 and C3, one has 

VN /2 2 1 2 1 1\ /I 1 1 1 1 1\ /I 1 1 1 1 1\ 

^ ~ U' 3'~3' S'^a'^sj ' U' 2'"2' 2'"2'"2j ' 2 ' 2' ~ 2' " 2' " 2 j ' 

respectively, see the last 3 entries of Table 5 above. In all 4 cases, t(A^) G P"^ {A^) \ Q'^{A5). 
Taking i(A^) = M with d — 3,4,3,3, respectively, and appropriate qi, and M E P""^ {A^) such that 
^2i^M ^ z ^Zp,we obtain 

tr(MM)== — +n, (5.12) 
P 

where n e Z. There will be no anomaly for k such that /ctr(MA/) G Z. For 5 = 3, this imposes on k 
the same restrictions that the admissibility conditions p.ip , so that the untwisted coset theories cor- 
responding to the S-subalgebras () = Ai, A3, C3 C ^5 do not have anomalies. For the S-subalgebra 
f) = , we obtain the non-anomalous models with admissible levels for 

Z n 2Z = 2Z if Z = Z2 
ke { 3Z if Z = Z3 (5.13) 

3Z n 2Z = 6Z if Z = Zfi 

The other untwisted models corresponding to the S-subalgebra i) — A2 C A5 and non-trivial sub- 
groups Z are anomalous. 

There are no conceptual or technical difficulties to obtain the no-anomaly conditions on k for 
other subalgebras of A^, and also for other classical algebra g, once the embeddings are known, but 
there is no general result so each case has to be treated separately. The previous examples show 
that different anomaly conditions could appear according to the subalgebra considered. 



6 Conclusions 

We have studied above the conditions for the absence of global gauge anomaly in the coset models of 
conformal field theory derived from WZW models with connected simple compact groups G = G/Z 
as the targets by gauging a subgroup of the rigid adjoint or twisted-adjoint symmetries G 3 g ^ 
hguj{h)~^ G G, where w is a, possible trivial, automorphism of G. The full group of such symmetries 
is equal to G/Z^ , where Z" is the maximal subgroup of the center Z of the universal covering group 
G of G for which the (twisted) adjoint action is well defined. We considered both the coset models 
where the full group G/Z" was gauged and the ones where the gauging concerned only a closed 
connected subgroup of G/Z". Global gauge anomalies obstructing the invariance of the Feynman 
amplitudes of the theory under "large" gauge transformations non-homotopic to unity may appear 
only for non-simply connected groups G corresponding to Lie algebras q of types Ar, Dr and Cq 
(that are all simply-laced). Using the results [U [THl on the classification of semisimple Lie 
subalgebras of simple Lie algebras, we obtained a complete list of non-anomalous coset models 
(without boundaries) for groups G with the Lie algebra Ar, Dr or eg if the gauged symmetry 
subgroup C G/Z'^ corresponds to a regular Lie subalgebra () C g or, for g = eg, to any semisimple 
Lie subalgebra. The global gauge anomalies that appear in the other coset model should render 
them inconsistent on the quantum level, as was argued in [llj . 



22 



Appendices 



A Gauge-invariance condition 



Here we prove the equivalence between relations (j2.3[) and (|2.4p . From Eq. (j2.ip . we have to show 
that 



j i^{{9-'dgMA) + {dg)g-^A + g'^Agu:{A)) 
= I ti- {g-^dguj{h-^dh) + {dg)g-^h-^dh + g-\h-'^dh)guj{h-'^dh)) (A.l) 

^ I tr (( V'dM^C^) + (A)'?-'"^ + V'A^g^M) 
tr {{g-'dgMA) + {dg)g-'A + g-'Agu;{A)) 



But 



£^ J tv{uj{h)g-^h-^ d[hguj{h)-^)uj{hAh-^ +hdh-^) 

+d{hguj{h)-^)uj{h)g-^ h-\hAh-^ + hdh-^) 

+ uj{h)g-^h-^hAh-^ + hdh-^)hguj{h)-^ uj{hAh-^ + hdh-^)) 

-^j tT{ig-'dgMA) + idg)g-'A + g-'AgojiA)) 

J tr {g-\{h-^dh)g + (dg) - guj{h-^dh))uj{A+ {dh-^)h) 

+ {{dh)g + h{dg) - hgLu{h-^dh)) g-^ h-\hAh-~^ + hdh-^) 
+ Lu{h)g-^h-^hAh-^ + hdh~^)hgLu{h)-^ Lo{hAh-^ + hdh"^)) 

^ [ tT{ig-'dgMA) + idg)g-'A + g-'Agu;iA)) 



4tt 



4tt 

k 



j tr {g-^ {h-^ dh) g uj{A - h-^dh)- {g-^dg)uj{h-^dh)- uj{h-^dh)uj{A) 

+ {h-^dh){A- h-^dh) - {dg)g-\h'^dh) ^ guj{h-^dh)g-^ (A - h-^dh) 

- g-^(h-^dh)guj{A - h-^dh) ~ g-^{A - h'^dh)guj{h-~^dh) ~ g-\h-^dh)guj{h-^dh)) 

^ /tr ( - {g-^dg)uj{h-^dh) - {dg)g-\h'^dh) - g'\h~^dh)guj{h-^dh)) (A.2) 



which establishes identity (|A.H) . 

B Arithmetical properties 

For a, & G Z we denote a Ab the greatest common divisor and a V 5 the least common multiple of a 
and b. 

Proposition B.l Let ki, . . .ks G Z and fc e Z such that Vi = 1 . . . s, fc G kiZ, then 

fee (fci V---Vfcs)Z (B.l) 
The demonstration is done by induction on s. 

Proposition B.2 Let ki, . . . kg G Z such that Vi = 1 . . . s, ki = with a, &i, . . . , 6^ G Z, then 

a A bi 

fci V . . . V fcs = ; — (B.2) 

a A 6i A • • • A 6s 

The demonstration is done by induction on s: 
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• s = 2 

a a (aA6i)(aA62) 

aAbi a A 62 ~ " " 

a A 61 a A 62 

using ab — (a A b){a V &). Then we can rewrite the denominator: 

a ^ a _ (a A 62) A (a A 61) 
a A 61 a A 62 {a Ab2){a Abi) 

thus 

a a a a 
V = = . 

a A 61 a A 62 a A 61 A a A 62 a A 61 A 62 

• Suppose the result true for s > 2, the result for s + 1 is trivially true, 
hypothesis at rank s, then 2. 
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